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Abstract

We propose and analyze a novel discrete-time queueing network model of a zero
loss hub-based Optical Burst Switched (OBS) architecture, consisting of multiple
input edge nodes and one destination edge node. The arrival process of bursts is
slotted with bulk arrivals as generated by a Time and Burst-Length based burst
aggregation algorithm. The queueing network is analyzed by decomposition. We
obtain the average end-to-end delay of a burst in the queueing network as well as
queueing delays at individual nodes. Our model provides a tight upper bound as
shown by comparing the analytical data to simulation results.

1 Introduction

Performance studies point to the fact that in an Optical Burst Switched (OBS)
network, the link utilization has to be kept very low in order for the burst
loss probability to be within an acceptable level. Various congestion control
schemes have been proposed, such as the use of converters, fiber delay lines,
and deflection routing. However, these schemes do not alleviate this problem.
It is our position that in order for OBS to become commercially viable, new
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schemes have to be devised that will either guarantee zero burst loss or a
very low burst loss at high utilization. In this paper we model an architecture
which provides zero burst loss for a hub-based OBS topology. We evaluate
the performance of this scheme using a discrete time queueing network with
blocking and bulk arrivals. The queueing network under study is versatile and
can be used to analyze other systems such as Websphere [5] application servers
that communicate with databases.

OBS networks have been extensively modeled using a single Erlang loss queue.
In [3], [4] and [14] a bufferless OBS network with Poisson burst arrivals and
multiple input and output wavelengths has been analyzed. The OBS network
is modeled as a multiple server system and the Erlang B formula is applied
to calculate the burst loss probability. Assuming that burst arrivals follow a
Poisson distribution is unrealistic as shown in [9] since the burst arrival process
depends on the aggregation algorithm that is used. More specifically if the
Time based aggregation is used then the burst arrival process is slotted with
a burst size that has an Erlang distribution, since the burst is a convolution
of exponential packet sizes. If the Burst-Length based aggregation is used,
then the burst inter-arrival time follows an Erlang distribution and the burst
sizes are fixed to a predefined maximum Bmax. Finally, if the Time and Burst-
Length based aggregation is used, then the burst arrival process is a slotted
bulk arrival process with fixed burst sizes except for the last burst in the bulk
that has a uniform size distribution within the interval [Bmin, Bmax), where
Bmin and Bmax are pre-specified minimum and maximum burst sizes.

The performance of OBS has been studied by several authors. In [15] the
authors developed a number of queueing network models that provide insights
to the effect of various system parameters on the performance of a core OBS
node that interacts with a number of edge nodes according to the Just In Time
(JIT) signaling protocol. In this architecture, that provides zero burst loss, it
is assumed that the core node allocates resources within its switch fabric for a
burst at the moment it decides to accept the setup request of the edge node.
The burst arrival process they use is a three-state Markov process, that may
be in one of the states: short burst, long burst, or idle. Since a customer may
request either a short or a long service (burst), the service time distribution
is a two-stage hyper-exponential distribution. The authors analyzed a single-
class network of the core OBS node without converters and then they extended
this to the case with converters. Finally, they further extended these queueing
models to the case of multiple classes.

The three-state Markov considered in [15] above is also used in [1]. In this pa-
per the end-to-end burst loss probability is calculated for a queueing network
of K nodes where short and long bursts are transmitted. The short bursts oc-
cupy one wavelength per link, whereas the long bursts occupy wavelengths on
two adjacent links. This network is decomposed to sub-systems and modeled
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using an iterative algorithm. Each subsystem is solved numerically.

A closed form solution to an OBS network with Time based burst assembly is
given in [13]. This network consists of a scheduler and an OBS switch. Bursts
for each destination are formed using the Time based aggregation every LT ,
where L is the number of destination queues and T is the burst assembly
processing time. According to the authors these bursts depart according to a
geometric distribution with a mean 1/(1 − e−λT ), where λ is the arrival rate
of IP packets from the access network. Thus the burst inter-departure time A
will be:

Pr[A = kT ] = (1− e−λT )e−(k−1)λT , k ≥ 1

External burst arrivals are modeled using the Poisson distribution. Thus, the
system that is analyzed is a Geo,M/M/W/W system with W wavelengths
and a capacity of W bursts. The authors solved this system numerically. With
a view to calculating the burst loss probability and the throughput of the
network.

In this paper, we study a hub-based OBS network consisting of N input edge
nodes and a destination edge node. The input edge nodes and the destination
edge node are connected to a bufferless OBS node, hereafter referred to as
the core node. Each input edge node is connected to the core node via a
single wavelength in the upstream direction, i.e., from the edge node to the
core node, and a separate single wavelength in the downstream direction.
The core node is connected to the destination edge node via w wavelengths
in the upstream direction, i.e., from the core node to the destination edge
node, and one wavelength in the downstream direction. As will be explained
in the following section, this OBS network has a zero burst loss. Hub traffic
is an important class of traffic and it arises in access and metro networks. A
metro network is used to serve multiple access networks, where most of the
traffic is destined out of the network towards a wide area network. The hub-
based OBS network can be seen as serving the needs of such a metro network.
Different hub-based optical networks have been proposed in the literature.
For instance, in [11] and [2] a new architecture named Dual Bus Optical Ring
Network (DBORN) has been proposed and analyzed.

We propose and analyze approximately a novel discrete-time queueing net-
work model with blocking and bulk arrivals that models the hub-based OBS
architecture in the upstream direction. (We note that the OBS network in
the downstream direction can be easily analyzed approximately using exist-
ing decomposition techniques.) The discrete-time queueing network consists
of N input queues linked to a single multi-server queue with finite capacity.
The arrival process of bursts to the input queue is assumed to be slotted with
bulk arrivals, as generated by a Time and Burst-Length aggregation algo-
rithm. Blocking may occur when a customer attempts to move from an input
queue to the finite capacity queue. We derive an upper bound on the mean
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end-to-end delay of a burst from the time it arrives at an input edge node to
the time that it is delivered to the destination edge node. Queueing networks
with blocking have been extensively analyzed, see [10]. Discrete-time queueing
networks with blocking have also been analyzed, see [6], [8], [7], and [16]. To
the best of our knowledge, the queueing network with blocking proposed and
analyzed in this paper has not been studied before.

We note that modelling an OBS network by a discrete-time queueing network
constitutes a departure from the previously published continuous-time queueu-
ing network models of OBS networks. As explained above, under the Time and
Burst-Length burstification algorithm, the arrival process is a slotted bulk ar-
rival of bursts. The size of each burst is equal to a maximum predefined size
Bmax, with the possible exception of the last burst in a bulk that may be
less than Bmax. Ignoring this, we see that all bursts are of constant length
and consequently their transmission time is also constant, which necessitates
a discrete-time model. In addition, due to the zero-loss feature of the OBS
network, a burst in an input edge node is delayed until the core node can
transmit it to the destination edge node without the possibility of loss. This
necessitates the introduction of a blocking scheme in the queueing network (as
understood in queueing networks with blocking, rather than in loss networks)
in order to model this important event.

This paper is organized as follows. In Section 2 the queueing network is de-
scribed in detail. In Section 3 we first provide an analysis of each edge node
of the queueing network under study, and then we describe an iterative algo-
rithm through which the results of the analysis of the individual edge nodes
are combined in order to model the queueing network. The analytic results
of the average end-to-end delay provide a tight upper bound as verified by
simulation in Section 4. We conclude in Section 5.

2 The Queueing Network

The hub-based OBS network under study consists of N input and one output
edge node, as shown in Figure 1. Time is slotted, and a time slot TB is equal
to the time required to transmit a burst of size Bmax at a specified link speed.
In the upstream direction, each input edge node is connected to the core node
by a single wavelength and the core node is connected to the destination edge
node by w wavelengths.

The bursts are aggregated according to the Time and Burst-Length based
algorithm. The burst arrival process is a slotted bulk arrival process as derived
in [9]. To the best of our knowledge, this is a unique feature of our analysis:
using an analytical burst arrival process as it results from a burst aggregation
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Fig. 1. The OBS network under study

algorithm. In other papers, the burst arrival process was assumed to be Poisson
[4], [14], or 3-state Markov process that models short and long bursts [1],
[15]. In our model k bursts arrive with probability P [k] at the end of every
aggregation period T , where T is assumed to be an integer number of TB, i.e.,
T = s × TB, s = 1, 2, .... The probability P [k] is calculated by Equation 2 as
shown below. These bursts are stored in the electronic domain in an infinite
queue that resides at each input edge node.

Bursts within a burst queue are served in FIFO. Only one burst from each
queue (the one at the top of the queue) can be served at a time. The core
node scans the burst queues at the beginning of each time slot TB in order
to identify how many queues have a burst to transmit. (This is equal to the
number of busy burst queues.) The time to scan the queues is assumed to be
zero. (This in fact can be done prior to the beginning of each time slot.) If
there are fewer (or equal) bursts to transmit than the number of wavelengths
w, then they are all transmitted in the same time slot each on a different
wavelength (We assume that the core node is equiped with w converters).
Otherwise, if there are more than w bursts, a selection mechanism such as
Horizon that gives priority to the earliest request or a round-robin scheme,
can be used to select w bursts that will be transmitted in the time slot. We
note that at any time slot up to w bursts are transmitted. In view of this, this
scheme has a zero burst loss, since no more than one burst can use the same
wavelength at any time slot.

We set the ratio of N
w

to a constant value in order to limit the delay a burst
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may suffer before it is transmitted to a maximum of one time slot. Specifically,
let us assume that N

w
= 2. At the beginning of time slot i, each edge node

has one burst to transmit. Since we assume w wavelengths on the downlink
from the core node to the output edge node, only w of these bursts can be
transmitted in time slot i. The remaining N

2
bursts will be transmitted in the

next (i+1)st time slot. Thus, a burst at the top of the burst queue of an input
edge node can be delayed a maximum of one time slot before it is successfully
transmitted. The same applies if 1 < N

w
≤ 2. In general, this delay is directly

affected by the ratio of the N
w

. If N
w
≤ 1 then a burst at the top of the burst

queue is transmitted without any delay. If d− 1 < N
w
≤ d, then a burst at the

top of the burst queue may wait a maximum of d − 1 time slots before it is
transmitted.

The above described OBS network is modeled by the discrete time queueing
network with blocking shown in Figure 2. Nodes 1 to N represent the N burst
queues (one per input edge node) hereafter referred to as input queues. Node
N + 1 represents the WDM downlink from the core node to the destination
edge node, as described in the following paragraph. We shall refer to this node
as the output queue. The queueing network is slotted, and the length of a slot
is equal to TB. A customer in this queueing network represents a single burst.
Bursts are all equal to Bmax. (We assume here that the last burst produced
during an aggregation period T is also equal to Bmax). Bulk arrivals occur
every T = s × TB slots, where s takes integer values. The probability P [k]
that k bursts arrive in a single bulk is calculated from Equations 1 and 2:

P [0] =
∫ Bmin−1

0
fB(x)dx (1)

P [k] =
∫ Bmin+kBmax−1

Bmin+(k−1)Bmax

fB(x)dx, k >= 1 (2)

where:

fB(x) =
∞∑
n=1

e−λT (λT )nb(bx)n−1e−bx

n!(n− 1)!
(3)

as shown in [9] where packet size is exponentially distributed with a mean 1/b
and the arrival process of packets is Poisson with rate λ. Customers in the
input queue j, j = 1, 2, ..., N , are served in FIFO manner. The service time
represents the time it takes to transmit a burst.

The output queue, i.e. node N+1, consists of a finite capacity queue served by
w servers. Each server represents a wavelength on the downlink from the core
node to the output edge node. The service time at each server is equal to one
time slot (TB), and it represents the time that the core node has to block the
appropriate downlink wavelength in order to allow the burst to come through
the switch fabric without a loss. Now, let us consider that at the beginning
of time slot i, a customer, i.e. a burst, is at the top of the input queue j,
j = 1, 2, ..., N . Let us also assume that N

w
= 2, and that the propagation delay
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Fig. 2. The discrete-time queueing network with blocking

from an input edge node to the core node is one time slot TB. Depending
upon the total number of bursts that are ready to be transmitted out at this
time slot, the burst may or may not be transmitted during the time slot i. As
described above, if there are fewer bursts than w, then they are all transmitted
in time slot i. Otherwise, the burst may be delayed by one time slot. This is
because we have assumed that N

w
= 2. If N

w
= d, then it may be delayed up to

d time slots.

In the queueing network model we assume that a customer at the top of input
queue j, j = 1, 2, ..., N , receives its service and then moves to the output
queue at the end of the time slot. If there is a free server in the output queue it
occupies it in the next time slot, otherwise it joins the output queue. If N

w
= 2,

it will occupy the server in the next time slot. If N
w

= d it may be delayed up
to d time slots. During the time it is in this queue, its corresponding server at
node j is blocked in the sense that it cannot transmit any other bursts. The
time the server remains blocked is known as the blocking delay and this type
of blocking mechanism is referred to as blocking after service, see [10]. We
analyze this queueing network by decomposition with a view to calculating the
average end-to-end delay. The decomposition algorithm is described in detail
in the Section 3.

We assume that the arrival process to each input queue j, j = 1, 2, ..., N , is
identical. Also, we note that if k bursts, k > w, arrive at the output queue at
time slot i, w randomly selected of these arrivals will be allocated to the w
servers, and the others will be queued. This is equivalent to saying that if the
number of bursts to transmit in the OBS network is greater than the number
of available wavelengths on the downlink (OBS to output edge node), then
the bursts to be transmitted are randomly selected.
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Fig. 3. The discrete-time input queue analyzed in isolation: service time consists of
a maximum of d time slots, bulk arrivals every s time slots.

Finally, we note that this queueing network is a valid model under the as-
sumption that the propagation delay from an input edge node to the core
node is equal to or greater than one time slot TB. If it is less than a time slot,
then a different type of queueing network model is required that captures the
notion of simultaneous resource possession, see [1]. In this queueing network
model, the propagation delay from an input edge node to the core node is
assumed to be one time slot TB. The end-to-end delay of a burst defined from
the moment it joins a burst queue at an input edge node to the moment it
arrives at the destination edge node can be obtained by adding the balance of
the end-to-end propagation delay to the delay of a burst in the input queue.

3 The Decomposition Algorithm

The queueing network described above does not have a product form solution.
In view of this, we analyze it by decomposition. Specifically, each input queue
j, j = 1, 2, ..., N is analyzed independently as a discrete-time queue, as shown
in Figure 3 by assuming that its service time is as follows. A burst receives
service for one time slot and then with probability 1−α1 it leaves the queue or
with probability α1 it receives another one time slot of service. Then the burst
either leaves the queue with a probability 1 − α2 or with a probability α2 it
receives another time slot of service. This is repeated until the burst leaves the
queue after receiving service for d− 1 time with a probability 1−αd or with a
probability αd receives the last dth time slot. This service mechanism is similar
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Fig. 4. The discrete-time output queue analyzed in isolation: finite capacity, w
servers, slotted bulk arrivals.

to a Coxian distribution only the distribution at each phase is constant, equal
to a time slot. The burst arrival process is the same as described previously.
That is, it is a bulk arrival every s time slots, and the bulk size has a probability
of P [k] given by Equation 2. Since we assume that the arrival process to each
input queue j, j = 1, 2, ..., N , is the same, it suffices to analyze only one of
these N queues.

The output queue is modeled as a discrete-time finite capacity queue served by
w servers. The queue size is equal to N −w as shown in Figure 4. The arrival
process is a slotted bulk arrival process that occurs every time slot TB with
probability p[l|n] of having l bursts in a bulk, where l = 0, 1, ..., N , given that
there are n bursts in the output queue, n = 0, 1, ..., N . In this decomposition
method we need to know α1, α2, ..., αd and p[l|n], l = 0, 1, ..., N , n = 0, 1, ..., N
in order to analyze these queues in isolation. The probabilities α1, α2, ..., αd are
obtained from the analysis of the output queue and the probabilities p[l|n] from
the input queues. In view of this, we construct an iterative scheme whereby we
first analyze an input queue assuming initial values for α1, α2, ..., αd. Based on
the results obtained we construct an initial value of the bulk size conditional
probabilities p[l|n], l = 0, 1, ..., N , n = 0, 1, ..., N and then we analyze the
output queue. From this we construct updated values of α1, α2, ..., αd and
repeat the above process.

In subsection 3.1 we analyze an input queue, assuming we know α1, α2, ..., αd.
In subsection 3.2 we analyze the output queue assuming that we know p[l|n],
l = 0, 1, ..., N , n = 0, 1, ..., N . Finally, in subsection 3.3 we describe the itera-
tive scheme.
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Table 1
State Transitions of the input queue

Transition States Rate Condition

(0, 0, 0)→ (k, 1, 1) P [k > 0]

(0, 0, 0)→ (0, 0, 1) P [k = 0]

(nq, dq, 0)→ (0, 0, 1) P [k](1− αdq) nq + k − 1 = 0

(nq, dq, 0)→ (nq + k − 1, 1, 1) P [k](1− αdq) 0 < nq + k − 1 ≤MaxInQ

(nq, dq, 0)→ (MaxInQ, 1, 1) P [k](1− αdq) nq + k − 1 > MaxInQ

(nq, dq, 0)→ (nq + k, dq + 1, 1) P [k]αdq nq + k ≤MaxInQ

(nq, nq, 0)→ (MaxInQ, dq + 1, 1) P [k]αdq nq + k > MaxInQ

(nq, d, 0)→ (0, 0, 1) P [k] nq + k − 1 = 0

(nq, d, 0)→ (nq + k − 1, 1, 1) P [k] nq + k − 1 ≤MaxInQ

(nq, d, 0)→ (MaxInQ, 1, 1) P [k] nq + k − 1 > MaxInQ

(nq, dq, i)→ (0, 0, (i+ 1) mod(s)) (1− αdq) nq − 1 = 0

(nq, dq, i)→ (nq − 1, 1, (i+ 1) mod(s)) (1− αdq) nq − 1 > 0

(nq, dq, i)→ (nq, dq + 1, (i+ 1) mod(s)) αdq

(nq, d, i)→ (nq − 1, 1, (i+ 1) mod(s)) 1 nq − 1 > 0

(nq, d, i)→ (0, 0, (i+ 1) mod(s)) 1 nq − 1 = 0

3.1 Analysis of an Input Queue

This is a discrete time queue as depicted in Figure 3. The service time is
one time slot (TB) followed by d time slots of blocking delay with probability∑d
i=1 αi. Bulk arrivals occur every period T = s×TB, where s = 1, 2, ... and the

probability that the bulk size is k is P [k], calculated as described in Section
2. Bursts are served individually in a FIFO manner.

This queue is analyzed numerically. The state of the system is described by a
three-tuple vector (nq, dq, i), where nq is the number of bursts in the queue,
including the one that is in service at the beginning of a time slot TB, dq
indicates the state of the server, and it takes the values 1, 2, ..., d (server in the
dthq service time slot), and i = 0, 1, ..., s− 1 is the current time slot. The input
queue is infinite, but in order to solve the system numerically we assume that
nq = 0, 1, ...,MaxInQ, where MaxInQ is the maximum number of bursts in
the input queue. The MaxInQ is selected so that the probability of having
nq > MaxInQ is almost zero.

In order to calculate the steady-state probability vectors, we need to generate
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the rate matrix Pj,InQ for each input queue j = 1, 2, ..., N . Since all input
edge nodes are the same, we omit the index j for simplicity. Every timeslot
i, where i mod(s) = 0, there are k = 0, 1, ..., kmax arrivals with probability
P [k]. Immediately after these arrivals occur, the core node scans for requests
at the input queues and schedules the bursts that are on the top to be served
or stored at the output queue. We observe the system at time TB + ∆t, where
∆t indicates a small time interval after the burst arrivals and departures have
occurred. It is obvious that there are no arrivals if i mod(s) 6= 0. The state
transition table of the input queue is given in Table 1. In this table we assume
that when i = 0 we have k arrivals with a probability P [k] and that these
arrivals occur every s time slots, i.e. i mod(s) = 0. We observe that at time
slot zero we may have the following state transitions:

• If nq > 0 and the burst that is on service is at the first time slot of service,
i.e. (nq, dq, 0), d > dq ≥ 1, and there are k arrivals with probability P [k]
then:
· The number of bursts in the queue will become nq+k−1 with a probability

1 − αdq , which means that the burst being served is not blocked for an
additional time slot.
· The number of bursts in the queue will become nq + k with a probability
αdq , which means that the burst at the top of the queue will be blocked
for an additional time slot. Also dq = dq + 1 which indicates that the
burst that is on top of the queue at the current time slot is blocked for an
additional time slot.

• If nq > 0 and the burst on service is blocked, i.e. (nq, d, 0), and there are k
arrivals with probability P [k], then the number of bursts at the input queue
will become nq + k − 1 after ∆t with a probability P [k]. Also the blocked
burst will depart with probability one, which means it cannot be blocked
for more time slots.

The state transitions when there are no arrivals, i.e. i 6= 0 are more straight
forward. If the burst at the top of the queue is at the dthq service time slot
(dq ≥ 1) it will either be blocked for an additional time slot (nq, dq + 1, (i +
1) mod(s)), or it will depart with a probability 1−αdq and the next state will
be (nq − 1, 1, (i+ 1) mod(s)) if nq − 1 > 0, or (0, 0, (i+ 1) mod(s)) if there are
no bursts left in the input queue. When the burst on top of the queue is at
the dth service time slot ((nq, d, i) then it will depart with probability equal to
one.

Table 1 indicates that the analysis of the input queue depends on the burst
blocking probabilities α1, α2, ..., αd. These probabilities are derived by the anal-
ysis of the output queue as described in Section 3.3.

Based on Table 1 we generate the rate matrix PInQ. Then we solve the following
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system of linear equations numerically using the Gauss-Seidel method [12]:

π(nq ,d,i)PInQ = π(nq ,d,i) (4)

where π(nq ,d,i) = (π(0,0,0), π(0,0,1), ...π(MaxInQ,d,s−1)) is the probability of being at
state (nq, d, i). The system space consists of the following states:

(0, 0, 0), (0, 0, 1), ..., (0, 0, s− 1)

(1, 1, 0), (1, 1, 1), ..., (1, 1, s− 1)

(1, 2, 0), (1, 2, 1), ..., (1, 2, s− 1)

...

(1, d, 0), (1, d, 1), ..., (1, d, s− 1)

...

(MaxInQ, 1, 0), (MaxInQ, 1, 1), ..., (MaxInQ, 1, s− 1)

(MaxInQ, 2, 0), (MaxInQ, 2, 1), ..., (MaxInQ, 2, s− 1)

...

(MaxInQ, d, 0), (MaxInQ, d, 1), ..., (MaxInQ, d, s− 1)

Thus the total number of states: TotalNumStates = MaxInQ × s × d. The
marginal probability distribution of having nq bursts in the input queue is:

πnq =
d∑

dq=1

s−1∑
i=0

π(nq ,dq ,i)

From the steady-state probabilities of this system we can calculate the prob-
ability p[l] of having l arrivals at the output queue, as described in Section
3.3.

3.2 Analysis of the Output Queue

The output queue is a discrete-time D[l]/D/w/N − w queue, and it has slot-
ted bulk arrivals with probability p[l|n] every time slot TB, slotted depar-
tures and consists of w servers. The service time is one time slot equal to TB.
The sequence of events for the output queue is: every timeslot i, there are
l = 0, 1, ..., N arrivals with probability p[l|n] given that there are n bursts in
the output queue, n = 0, 1, ..., N (including those in service). These l bursts
are either stored at the output queue or assigned to downlink wavelengths
depending on their availability. If n bursts were already at the output queue
at time slot i, then w bursts will be served and l+n−w bursts will be stored
and served on the next time slot i+1. We observe the system at time TB+∆t,
where ∆t indicates a small time interval after the bulk arrival and departures
have occurred.
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The rate matrix POutQ for the D[l]/D/w/N − w queue has elements:

pij = Prob[l = j|n = i] (5)

When there are n customers already in the output queue this means that there
can only be a maximum l = N − n input queues that can transmit a burst
to the output queue. The solution of the output queue is obtained by solving
numerically the following system of linear equations using the Gauss-Seidel
method [12]:

πPOutQ = π (6)

where π = (π0, π1, ...πN) is the probability of having n = 0, 1, ..., N bursts at
the output queue.

3.3 The Iterative Algorithm

In this Section we use the solutions to the two single nodes described above
to construct an iterative algorithm that calculates the average end-to-end
delay of a burst. Initially we use a guess value for the blocking probabilities
α1, α2, ..., αd. We use these value to construct the rate matrix P for the input
queue according to Table 1. Then we use the Gauss-Seidel method to calculate
the steady state probabilities π(nq ,dq ,i) as discussed in Section 3.1.

Now we can calculate the conditional probabilities p[l|n] that are used to
construct the rate matrix of the output queue. First we need to calculate the
probability of an arrival at the output queue of a burst that resides at the
input queue. This means that the burst is at the top of the input queue and
on its first time slot of service, i.e. d = 1. This probability is calculated by the
following sum:

q =
s−1∑
i=0

MaxInQ∑
nq=0

π(nq ,1,i) (7)

Then the number of bursts that are already in the output queue, i.e. they are
blocked, is calculated similarly:

β =
s−1∑
i=0

dq=d∑
dq=2

MaxInQ∑
nq=0

π(nq ,dq ,i) (8)

Finally the probability that an edge node has no bursts to transmit to the
output queue at a time slot is:

c =
s−1∑
i=0

π(0,0,i) = 1− q − β. (9)
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Using these probabilities we calculate the conditional probability p[l|n] as
follows:

p[l|n] =

N

n

 βn

N − n

l

 qlcN−n−l. (10)

Using these probabilities and the rate matrix POutQ we analyze numerically
the output queue with the Gauss-Seidel method.

The blocking probabilities α1, α2, ..., αd are calculated as the sum of having
more than w bursts at the output queue, since we can only serve w bursts
within one time slot. Thus any arrival will be blocked when there are already
w bursts in the output queue. Also, bursts may be blocked when there are n
bursts in the output queue, where n < w, and l bursts arrive from the input
edge nodes, where l+n > w. In this case the blocked bursts are the ones that
are not served according to FCFS. This means that they will not be served if
they are not 1st, 2nd, ..., (w − n)th in a bulk of l bursts. Thus the probability
of a burst to be blocked is given by:

α1 =
N∑
l=0

∑
i>w

πi+

∑
i≤w

πiProb[not 1st, 2nd, ..., (w − n)th]p[l]

α2 =
N∑
l=0

∑
i>w

πi+

∑
i≤w

πiProb[(w + 1)th, ..., (2w − n)th]p[l]

...

where πi is the steady-state probability calculated by solving the system of
linear equations in 6. Since bursts have the same probability to be at the
1st, 2nd, ..., (w − n)th position, the Prob[not 1st, not 2nd, ..., not (w − n)th] is
calculated as follows:

Prob[not 1st] = 1− 1

l

P rob[not 1st and not 2nd] = (1− 1

l
)(1− 1

l − 1
)

...

P rob[not 1st and not 2nd, ..., and not (w − n)th] =

(1− 1

l
)(1− 1

l − 1
)...(1− 1

l − (w − n)− 1
)

In order to calculate the average end-to-end delay of a burst that arrives in
a bulk of k with probability P [k] we calculate the average delay of a burst

14



within a bulk of size k. Subsequently, we uncondition on k. The delay of the
first burst is given by:

D1 = Prob[burst in first service slot]×
d∑
i=2

αi+

Prob[burst in 2nd service slot]×
d∑
i=3

αi + ...

+Prob[burst in dth service slot]× 1 +Dother bursts in queue

D1 =
MaxInQ∑
nq=1

π(nq ,1,0)(1 +
d∑
i=2

αi)+

π(nq ,2,0)(1 +
d∑
i=3

αi) + ...+ (nq − 1)(1 +
d∑
i=1

αi)

where 1 +α is the average service time of a burst at the input queue. Now the
delay of the other bursts within the bulk of k bursts is given by:

D2 = D1 + (1 +
d∑
i=1

αi)

D3 = D1 + 2(1 +
d∑
i=1

αi)

...

Dk = D1 + (k − 1)(1 +
d∑
i=1

αi)

Adding these we calculate the average per burst delay:

Dk =
1

k

k∑
i=1

Di

Finally the average end-to-end delay is given by:

D =
kmax∑
k=0

DkP [k] (11)

where kmax is the maximum number of bursts that arrive at the input edge
node within an aggregation period.

The iterative algorithm is given below:

Initial Step
Guess value for α1, α2, ..., αd
Iterative Step

//Generate PInQ for T [k]/G/1 queue
use Table 1, α1, α2, ..., αd
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// Solve for steady − state probability T [k]/G/1 queue
π(nq ,dq ,s) use Equation 4
// Calculate p[l|n]
q, β, c use Equation 10
// Generate P for D[l]/D/w/N − w queue
use q, β, c and Equation 5 for POutQ
// Solve for steady − state probability D[l]/D/w/N

d
queue

πi use Equation 6
// Generate α, D1, D
use Equation 11, α1, α2, ..., αd
Repeat until blocking probability αdq converges

We compare αdq to its value from the previous iteration and if their differ-
ence is less than ε, then the iterative algorithm converges. The values of the
probability p[l] can also be used as a condition of convergence of the itera-
tive algorithm. We have observed empirically that it takes the same number
of total iterations for the algorithm to converge using either αdq or p[l] as a
convergence condition.

4 Numerical Results

In this Section we present numerical results and compare these to simulation
results. We show that the average end-to-end delay calculated by our iterative
algorithm provides a tight upper bound. We define the end-to-end delay of a
burst as the number of time slots TB that elapse from the moment it joins an
input queue to the moment it departs from the output queue.

The decomposition algorithm described in Section 3.3 provides an upper bound
to the end-to-end delay. This is because we overestimate the bulk size that
arrives at the output queue. Specifically, assume that there are n > w bursts
in the output queue at time slot i. At time i+ 1, n− w bursts will be served
and thus n−w input queues will be unblocked. If n < w then all n bursts that
reside at the output queue are served and n input queues are unblocked. Once
an input queue is unblocked, it will take a minimum of one time slot before
it can complete a new service. That is before a new burst is ready to move
into the output queue. This is not taken into consideration in our iterative
algorithm. For example if there are n bursts in the output queue during the
current time slot i we assume that N−n input queues are able to send a burst
to the output queue, which is not always the case.

The simulation program for the queueing network was written in C. We use
the method of batch means to calculate the steady state delay in each queue,
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the blocking probability αdq and the probability p[l] of having l arrivals at the
output queue every time slot TB. The confidence intervals are very small and
not discernible in the graphs. The decomposition algorithm was implemented
in Matlab. The analytical model runs in a fraction of a second compared to
the simulation which, depending on the number of edge nodes N , takes 5-10
minutes to run for 30 batches with 100,000 bursts per batch.

We obtained results for the average end-to-end burst delay for varying traffic
intensity. The variables that affect the traffic intensity are: i) the number of
slots s within an aggregation period; ii) the maximum number of bursts that
arrive at the input edge node kmax; iii) the burst distribution, P [k] and iv)
the number of input edge nodes, N . The latter does not affect our results, as
long as the ratio N

w
remains constant. That is, if the number of input edge

nodes increases, then the number of downlink wavelengths has to increase
accordingly.

We have the following condition of stability for the queueing network:

kavg ×N ≤ s× w

where kavg is the average number of bursts that arrive every aggregation period
T , N is the number of input edge nodes, s is the number of time slots TB per
aggregation period T and w the number of output wavelengths. This means
that the maximum number of bursts that arrive at each input edge node
every aggregation period T , i.e. the average arrival rate to the system, should
be less than the maximum number of bursts that can depart from the queueing
network during an aggregation period. The average arrival rate to an input
burst queue at each time slot TB is:

Average Arrival Rate =
1

s

kmax∑
k=0

k × P [k]

and the average departure rate from an input queue at each time slot TB:

Average Departure Rate =
1

1 + αdq

The traffic intensity of an input queue is given by the ratio:

ρ =
Average Arrival Rate

Average Departure Rate
=

1
s

∑kmax
k=0 k × P [k]

1
1+αdq

Assume that there are N = 16 input edge nodes and w = 8 output wavelengths
so that N

w
= 2. Also assume that the distribution of the number of bursts that

arrive at an input edge node is uniform, with E[k] =
∑kmax
k=0 k × P [k] = kmax

2
.

Figures 5 (a) and 5 (b) show the average end-to-end delay versus the maximum
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Table 2
Traffic Intensity ρ for Analytical and Simulation Model, N = 16, kmax = 4, Uniform
Distribution of Bulk Arrivals
Slots/Aggregation Period ρ Analytical ρ Simulation

8 0.9999 0.9999

16 0.2013 0.1876

32 0.0948 0.0938

64 0.047 0.0469

128 0.0234 0.0235

Table 3
Traffic Intensity ρ for Analytical and Simulation Model, N = 16, s = 16, 32

kmax s = 16 s = 32

ρ Analytical ρ Simulation ρ Analytical ρ Simulation

1 0.0942 0.0938 0.0469 0.0469

2 0.1269 0.125 0.0627 0.0625

3 0.1618 0.1563 0.0786 0.0782

4 0.2013 0.1876 0.0948 0.0938

5 0.2499 0.2189 0.1115 0.1095

6 0.3169 0.2502 0.1287 0.1251

7 0.6129 0.61 0.1468 0.1408

8 0.8945 0.845 0.1663 0.1565

9 0.912 0.9886 0.1872 0.1716

number of bursts kmax when the number of slots per aggregation period is
s = 16, 32 respectively. The first observation from these graphs is that the
upper bound given by our analytical model is very tight. It is also easily
observed that when the traffic intensity increases, there are deviations between
our model and the simulation results. Table 2 gives the traffic intensity for
these two graphs. When the number of slots per aggregation period decreases,
the traffic intensity ρ increases. Thus, we observe higher traffic intensities in
Figure 5 (a) where s = 16 than in Figure 5 (b) where s = 32. Moreover, when
the maximum number of bursts kmax increases the traffic intensity increases.
Therefore, we observe deviations of the analytical model when s = 16 and
kmax > 6, as shown in Figure 5 (a). This is justified in Table 2 where a traffic
intensity close to one is observed for s = 16 and kmax > 6. In Table 3 that
depicts the traffic intensity for this scenario, we observe that the deviations
of the analytical results from the simulation results for s = 8, 16 correspond
to high values of ρ. Figure 6 (a) and 6 (b) use a geometric and a shifted
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Table 4
Traffic Intensity ρ for Analytical and Simulation Model, N = 16, kmax = 4

Slots per Geometric Distribution Shifted Geometric Distribution

Aggregation Period ρ Analytical ρ Simulation ρ Analytical ρ Simulation

8 0.9999 0.9999 0.9999 0.9999

16 0.2399 0.2179 0.1651 0.158

32 0.1102 0.1089 0.0796 0.079

64 0.0544 0.0544 0.0395 0.0395

(a) s = 16

(b) s = 32

Fig. 5. Average end-to-end burst delay vs. maximum number of bursts per bulk.
Uniformly distributed bulk size, N = 16.
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(a) Geometric distribution of bulk arrivals (b) Shifted Geometric distribution of
bulk arrivals

Fig. 6. Average end-to-end burst delay vs. number of slots s, N = 16, kmax = 4,
d = 2.

geometric distribution respectively for the bulk size, with kmax = 4, N = 16,
p = 0.03 and N

w
= 2 for the geometric distribution. The pdf of the geometric

distribution is given by:

P (k) = p(1− p)k−1, k = 1, 2, ..., kmax or 0 otherwise

and the shifted geometric is:

P (kmax − k + 1) = p(1− p)k−1, k = 1, 2, ..., kmax or 0 otherwise

In Figures 6 (a) and 6 (b) we vary the number of slots per aggregation period
and observe that the bound provided by the analytical model is a tight upper
bound. When the number of slots increases, the traffic intensity decreases as
shown in Table 4. Therefore, even when the number of bursts k in a bulk is
geometrically distributed, we observe the same behavior in our system. That
is the analytical results are almost identical to simulation for ρ < 30%. The
bound becomes less tight as ρ increases. Now when the number of input edge
nodes varies, the probability πi of having i bursts in the output queue varies
as well. This is shown in Figures 7 (a) and (b) when N = 4, 64 respectively,
N
w

= 2, s = 32 and kmax = 4 for uniformly distributed bulk sizes. It is observed
that the accuracy of our analytical model increases when the number of input
edge nodes increases. The traffic intensities for this example are given in Table
3 (3rd line where s = 32 and kmax = 4). The average end-to-end delay for
varying number of edge nodes is shown in Figure 8. We also observe that the
average end-to-end delay does not change significantly when the number of
edge nodes increases. This is justified since we have assumed that the ratio
N
w

= 2 is constant and therefore the stability condition: kavg × N ≤ s × w is
not affected when the bulk arrival distribution and the number of slots per
aggregation period remain the same.

Figures 9 (a) and (b) show the probability πi of having i, i = 0, 1, ..., 16 bursts
in the output queue when N = 16, w = 8, s = 32, assuming a uniform
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(a) N = 4

(b) N = 64

Fig. 7. Probability of having i bursts in the output queue, kmax = 4, s = 32.

burst size distribution, with kmax = 4, 10 respectively. These graphs indicate
that when the traffic intensity increases, i.e. kmax increases, the approximation
given by our analytical model is less close to the simulation (see Figure 9 (b)).
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Fig. 8. Average end-to-end burst delay vs. number of edge nodes N in aggregation
period T . Uniformly distributed bulk size, s = 32, kmax = 4

This is because the systems traffic intensity is very high when kmax = 10. The
traffic intensities for this example are given in Table 2.

5 Conclusions

We proposed and analyzed a novel discrete-time queueing network model of
a hub-based OBS network. We obtained approximately the average end-to-
end delay of a burst in the queueing network, the blocking probability of a
burst, and the probability p[l] of having l arrivals at the output queue every
time slot TB. The approximate analysis requires a fraction of time to run
compared to simulation. Through numerical validations we showed that our
iterative algorithm provides an upper bound for different bulk burst arrival
distributions, such as uniform and geometric distribution. We also showed
that it provides an upper bound when the distribution P [k] is kept the same
and the number of slots per aggregation period s, or the maximum number
of bursts per bulk kmax vary. The upper bound is very tight when the traffic
intensity ρ < 0.30.
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