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Figure 7: Conformation Space of Cyclo-Octane. Here we show how the set of conforma-
tions of cyclo-octane can be represented as a surface in a high dimensional space. On the
left, we show various conformations of cyclo-octane as drawn by PyMol (www.pymol.org).
In the center, these conformations are represented by the 3D coordinates of their atoms.
The coordinates are concatenated into vectors and shown as columns of a data matrix.
As an example, the entry c1,1,x of the matrix denotes the x-coordinate of the first carbon
atom in the first molecule. On the right, the Isomap method is used to obtain a lower
dimensional visualization of the data.

conformation space. Freedman’s method failed because the surface had self-
intersections of the type discussed in this paper. Thus we developed our
method for non-manifold surface reconstruction and applied it to the cyclo-
octane dataset.

To reduce complexity and avoid potential error due to hydrogen place-
ment, we used only ring atoms to obtain a dataset {xi}1,031,644

i=1 ⊂ R24. We ap-
plied our algorithm to this dataset using parameters ϵ = 0.23, dt = 0.05, dp =
0.01, and ϵp = 0.02. We used five different values of dl, given by 0.08, 0.09,
0.10, 0.11, and 0.12. We produced five different triangulations with 6,040;
7,114; 8,577; 10,503; and 13,194 vertices.

We used the Plex and Linbox toolboxes to check the accuracy of the
triangulations. For each of the five triangulations, we verified that every
neighborhood Bi (before decomposition) had Betti numbers 1,0,0. This is an
accuracy check because any neighborhood Bi should be homotopic to a point
and should therefore have Betti numbers 1,0,0. We also computed Betti num-
bers for each of the five full triangulations. In all cases we found the Betti
numbers to be 1,1,2. This consistency strongly suggests that the triangula-
tions are all representative of the actual conformation space. A visualization
of the triangulation with 6,044 vertices using the Isomap coordinate represen-
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Table 2
Example run times. Here we show the run times obtained for the different examples investigated in this section. For each example we provide the number
of points n, number of landmarks L, neighborhood size k, time in seconds for pre-processing, and time in seconds for reconstruction.

Example n L k Pre-proc. Recon.

Sphere 10,000 886 36 1.7 368.2
Torus 10,000 667 28 1.1 220.5
Double torus 20,000 813 26 3.7 263.1

Mobius strip 10,000 416 23 0.9 123.7
Klein figure 8 10,000 1940 33 3.8 778.0
RP2 100,000 753 35 11.7 302.0

Two spheres 83,646 1588 13 446.4 344.4
Klein immersion 61,440 4566 14 295.7 1183.3
Henneberg 13,637 1463 39 40.9 723.4

Fig. 7. Conformation space of cyclo-octane. Here we show how the set of conformations of cyclo-octane can be represented as a surface in a high-
dimensional space. On the left, we show various conformations of cyclo-octane as drawn by PyMol (www.pymol.org). In the center, these conformations are
represented by the 3D coordinates of their atoms. The coordinates are concatenated into vectors and shown as columns of a data matrix. As an example,
the entry c1,1,x of the matrix denotes the x-coordinate of the first carbon atom in the first molecule. On the right, the Isomap method is used to obtain a
lower-dimensional visualization of the data.

3.5. Run times

The run times for the nine examples we have investigated are shown in Table 2. These times were obtained on
a 2.26 GHz Intel Xeon dual quadcore workstation with 16 GB of RAM. The algorithm was implemented in Matlab
(www.mathworks.com) using the optimization toolbox to solve the linear program in (6). Table 2 shows that pre-processing
is negligible except for the non-manifold examples. In the case of the non-manifold examples, the pre-processing is generally
faster than the triangulation.

4. Application

Cyclo-octane is a saturated eight-member cyclic compound with chemical formula C8H16. Cyclo-octane has received
attention in computational chemistry because it has multiple conformations of similar energy, a complex potential energy
surface, and significant (steric) influence from the hydrogen atoms on preferred conformations [32–34]. Cyclo-octane is also
interesting because there are enumerative algorithms available which can provide a dense sampling of the conformation
space [35,36]. These algorithms show from first principles that the resulting conformation space has two degrees of freedom,
suggesting that the space is a surface (but not necessarily a manifold).

Using dimension reduction methods, we have previously analyzed the cyclo-octane conformation space [16]. In our
analysis, we used a dataset of 1,031,644 cyclo-octane conformations, enumerated using the triaxial loop closure algorithm
of Coutsias et al. [35]. Each conformation is placed in Cartesian space via the 3D position coordinates of each atom in the
molecule. The conformations are then aligned to a reference conformation such that the Eckart conditions are satisfied [37].
The final positions of a given conformation are concatenated to obtain a vector in R72. The resulting collection is a dataset
{xi}1,031,644i=1 ⊂ R72 which is presumed to describe a surface. In Brown et al. [16] we applied a variety of dimension reduction
methods to the cyclo-octane dataset, one of which was Isomap [38]. A summary of our analysis using the Isomap reduction
is shown in Fig. 7.

Beyond dimension reduction, the next step in our analysis is surface reconstruction. Unfortunately, the Isomap repre-
sentation of the cyclo-octane conformation space is only a visualization, and is not accurate enough for use with a 3D
surface reconstruction methods. Therefore we applied Freedman’s algorithm for surface reconstruction in the original high-
dimensional conformation space. Freedman’s method failed because the surface had self-intersections of the type discussed
in this paper. Thus we developed our method for non-manifold surface reconstruction and applied it to the cyclo-octane
dataset.
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The run times for the nine examples we have investigated are shown in Table 2. These times were obtained on
a 2.26 GHz Intel Xeon dual quadcore workstation with 16 GB of RAM. The algorithm was implemented in Matlab
(www.mathworks.com) using the optimization toolbox to solve the linear program in (6). Table 2 shows that pre-processing
is negligible except for the non-manifold examples. In the case of the non-manifold examples, the pre-processing is generally
faster than the triangulation.

4. Application

Cyclo-octane is a saturated eight-member cyclic compound with chemical formula C8H16. Cyclo-octane has received
attention in computational chemistry because it has multiple conformations of similar energy, a complex potential energy
surface, and significant (steric) influence from the hydrogen atoms on preferred conformations [32–34]. Cyclo-octane is also
interesting because there are enumerative algorithms available which can provide a dense sampling of the conformation
space [35,36]. These algorithms show from first principles that the resulting conformation space has two degrees of freedom,
suggesting that the space is a surface (but not necessarily a manifold).

Using dimension reduction methods, we have previously analyzed the cyclo-octane conformation space [16]. In our
analysis, we used a dataset of 1,031,644 cyclo-octane conformations, enumerated using the triaxial loop closure algorithm
of Coutsias et al. [35]. Each conformation is placed in Cartesian space via the 3D position coordinates of each atom in the
molecule. The conformations are then aligned to a reference conformation such that the Eckart conditions are satisfied [37].
The final positions of a given conformation are concatenated to obtain a vector in R72. The resulting collection is a dataset
{xi}1,031,644i=1 ⊂ R72 which is presumed to describe a surface. In Brown et al. [16] we applied a variety of dimension reduction
methods to the cyclo-octane dataset, one of which was Isomap [38]. A summary of our analysis using the Isomap reduction
is shown in Fig. 7.

Beyond dimension reduction, the next step in our analysis is surface reconstruction. Unfortunately, the Isomap repre-
sentation of the cyclo-octane conformation space is only a visualization, and is not accurate enough for use with a 3D
surface reconstruction methods. Therefore we applied Freedman’s algorithm for surface reconstruction in the original high-
dimensional conformation space. Freedman’s method failed because the surface had self-intersections of the type discussed
in this paper. Thus we developed our method for non-manifold surface reconstruction and applied it to the cyclo-octane
dataset.

Figure 8: Triangulation of Cyclo-Octane Conformation Space. Here we show the triangu-
lation obtained by our surface reconstruction algorithm on the cyclo-octane conformation
space. The triangulation was carried out in 24 dimensions, but is shown using the reduced
dimensional representation provided by Isomap. Self-intersections are shown in black.

24



Non-Manifold	Surface	Reconstruction	from	High	Dimensional	Point	Cloud	Data	by	
Shawn	Martin	and	Jean-Paul	Watson,	2010.

Cyclo-Octane (C8H16) data

chair-chair !TCC", boat !B", saddle, also known as twist-boat
!TB", boat-boat !BB", boat-chair !BC", twist-boat-chair
!TBC", chair !C", and twist-chair !TC". Each of Hendrick-
son’s ten conformations has certain symmetries when we
consider ring atoms. These symmetries are obtained by rota-
tion and reflection of the conformation in physical space.
!When such a change occurs as a result of molecular motion,
i.e., by changes in torsion angles, it is known as a pseudoro-
tation." One way to quantify these symmetries is by examin-
ing torsion angles. The crown conformation, for example, is
highly symmetric and can exist in only two states: !cr. The
boat conformation is also very symmetric but can exist in
four states: !b1 and !b2. In general, conformations on the
spherical component of the cyclo-octane space have the sym-
metry !t1 , t2 , t3 , t4 , t1 , t2 , t3 , t4" and absent additional symme-
try will exist in eight states. Conformations on the Klein
bottle component have no such constraint and absent addi-
tional symmetry will exist in 16 states.

In Fig. 4 we have located each instance of Hendrickson’s
ten conformations in our representation of the cyclo-octane
conformation space. Also shown in Fig. 4 are two additional
conformations, which we call peak !P" and saddle !S". P and
S occur on the intersection rings and within the set of inter-
section ring conformations they are energy maxima !P" and
minima !S". Figure 4 can be used to understand how particu-
lar cyclo-octane conformers influence the topology and ge-
ometry of the full conformation space. As an example, con-
sider the spherical component of the conformation space in
Fig. 4!a". There are two Cr conformers, related to each other
through reflection. This reflection occurs through the center

of the sphere so that the two Cr’s are opposite each other on
the north and south poles. At a high northern latitude, there
are four TCCs, related to each other through rotation, thus
forming a ring. In the southern hemisphere, there are four
additional TCCs, forming their own ring, and related to the
northern TCCs through reflection. Similarly, there are four
northern and four southern CCs, S’s, and P’s. On the equator,
there are four B’s and BBs, related through rotation, again
forming rings. Finally, there are eight TBs related to each
other by both rotation and reflection. Since reflection is
through the center of the sphere, reflected TBs again lie on
the equator. !In fact this also occurs with the B’s and BBs,
except that the reflected Bs and BBs can also be obtained by
rotation." All of these symmetries are accommodated by the
topology of the sphere. If we now consider distance as a
constraint, we see how the particular conformers influence
the geometry of the sphere. Both TCCs and CCs are very
similar to Cr’s so that they are near the poles. They are also
very similar to each other so they form small diameter !high
latitude" rings. By comparison, B’s and BBs are distinct from
Cr’s and from each other so are far from the poles and form
large diameter !equatorial" rings. These rings are then con-
nected by meridians !e.g., Cr-TCC-S-B-S-TCC-Cr" to form
the sphere.

Similar observations can be made to understand why the
Möbius strip occurs in Fig. 4!b". The S and P conformers are
connected in a central ring corresponding to the northern S
and P intersection ring in Fig. 4!a". These conformations are
related by rotation, i.e., the S’s are related by rotation, as are
the P’s, while their reflections occur on the red Möbius strip

FIG. 3. Projections from torsion space. Here we show how the canonical crown-boat-chair basis can be used to produce a fully reduced 2D representation of
the cyclo-octane conformation space. The canonical conformations corresponding to the crown !cr", boat !b1 ,b2", and chair !c1 ,c2" are shown in !a". The
projection of the space onto !b1 ,b2 ,cr" is shown in !b", analytically reproducing the results previously obtained using Isomap. We use green to represent the
spherical component !c" of the conformation space and blue/red to represent the Klein bottle component !e". The intersection rings are shown using black. The
spherical component !c" of the conformation space can be reduced to 2D by varying the azimuthal angle !"" between 0 and 2# in the !b1 ,b2" plane, as shown
in !d". The Klein bottle component can be reduced to 2D by decomposition into two Möbius strips, apparent using !c1 ," ,c2" coordinates !f", where " again
varies between 0 and 2#. The Möbius strips in !f" are in fact helicoids, which can be parametrized using signed distances r1 and r2 from the line c1=c2
=0. The signed distances can be used to reduce the two Möbius strips to 2D #!g" and !h"$. In !g" and !h", we show how the two Möbius strips can be glued
together to form the Klein bottle using labeled arrows to show equivalences !e.g.—A→". It is interesting to note that representation of the Klein bottle in !b"
and !e" has two deficiencies. First, the Möbius strips have been folded over the intersection rings so that the hourglass shape actually consists of two sheets,
although it appears as one. Second, the apparent singularity at the origin is in fact an artifact of the projection. In actuality, the Möbius strips are joined
according to the equivalences in !g" and !h", although using dimensions which are not visible in the !b1 ,b2 ,cr" coordinates.

234115-4 Martin et al. J. Chem. Phys. 132, 234115 !2010"
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!or southern intersection ring". The BCs also form a ring,
again related by rotation, with the reflected ring occurring on
the red Möbius strip. If we account for distance, the BC ring
is approximately twice as long as the central S and P ring
!note there are twice as many BCs as there are S’s or P’s".
Further, each point on the central ring is close in distance to
two points occurring on opposite sides of the BC ring !e.g., a
P is close to two opposite BCs". Thus we have a long ring
with opposite points connected via a short ring: a Möbius
strip. The TBC ring is similar to the BC ring. The C’s and
TCs are analogous to the equatorial ring in Fig. 4!b", in that
they capture both rotation and reflection. The C’s and TCs
also serve to connect the blue and red Möbius strips, forming
the Klein bottle.

D. Energy landscape

In addition to conformation, we must of course consider
energy to obtain a full understanding of cyclo-octane. Using
TINKER,29 we computed the MM3 energy30 for each confor-
mation in our 6040 point data set. We also used TINKER to
investigate four transition states previously discovered using
quantum calculations.16,31 These transition states are Cr

!via TCC"→TS1→TBC, TBC→TS2→BC, TBC→TS3
→TBC, and BC→TS4→BB. The third state TS3 is a pseu-
dorotation of TBC. !In addition, B and C were found to be
transition states,31 although these are not included in our
analysis." We verified that these four conformations were
transition states using vibrational analysis with MM3 energy
in TINKER. Finally, we used structure minimization and TINK-

ER’s implementation of the Elber–Karplus Lagrangian
multiplier-based reaction path following algorithm32 to lo-
cate paths through conformation space connecting the vari-
ous conformers via the transition states. The results of these
investigations are shown in Fig. 5.

Figure 5 summarizes most of what is known about
cyclo-octane’s geometry. There are three conformation fami-
lies: crown !Cr, CC, and TCC", boat !B, BB, and TB", and
boat-chair !BC, TBC, C, and TC". There are two major tran-
sition states TS1 and TS4 that provide interconversion be-
tween the three families, and there are additional minor tran-
sition states TS2, TS3 !which appears to be the TC
conformation", B, and C which provide interconversions
within the families. Finally, the topology of the landscape
can be described as a sphere intersecting a Klein bottle. In
fact, it was previously thought that the conformation space of
cyclo-octane could be qualitatively modeled as a sphere
intersecting a torus.33 This observation was made using
ring puckering coordinates and a limited sample of
conformations.28

Perhaps more interesting is how the topology of the
cyclo-octane energy landscape supports the fact that the BC
is the dominant conformation. We first observe the relatively
high energy of the boat family, making B, TB, and BB un-
likely conformations. Next we note that while BC is the glo-
bal energy minimum, it is only slightly lower than Cr, with
an approximate difference of 1 kcal/mol. Why then is BC the
dominant conformation? We have observed that only two
distinct Cr conformers exist, located on opposite poles of the
spherical component of the conformation space. These con-
formers are accessible from the rest of the conformational
space only via the relatively high energy TS1 transition state.
In contrast, there are 16 distinct BC conformers. Each of
these is connected via low energy TS2 barriers to two nearby
TBC conformers, forming two rings of connected states on
the two Mobius strips. Furthermore, the TBC conformers in
the two rings are connected to each other via TS3 !TC" tran-
sition states. Hence the BC and TBC conformers form a large
highly connected cluster of low energy states. In summary,
the topology of the Klein bottle, combined with the energy
landscape, causes cyclo-octane to heavily favor BC conform-
ers over Cr conformers.

IV. DISCUSSION

We have applied tools from the emerging fields of com-
putational algebraic geometry and topology, as well as non-
linear dimension reduction, to better understand the energy
landscape of cyclo-octane. Because cyclo-octane is a rela-
tively simple molecule, it has been well studied for the past
40 years. Even so, the tools we used have yielded new in-
sights. First, it is surprising that the underlying conformation

FIG. 4. Hendrickson’s cyclo-octane conformations. Here we show the po-
sitions of Hendrickson’s ten conformations of cyclo-octane in our reduced
dimensional representation. Shown in !a" are six of the conformations as
they appear on the spherical !green" component of the conformation space,
including Cr, CC, TCC, B, BB, and TB, as well as our S and P conforma-
tions, corresponding to the intersection ring energy minima !S" and maxima
!P" seen in Fig. 5. Shown in !b" are the C, TC, BC, and TBC conformations
occurring on the blue Möbius strip. Conformations on the red Möbius strip
are identically distributed. Shown in !c" are instances of the ten conforma-
tions, as well as S and P.

234115-5 Topology of cyclo-octane J. Chem. Phys. 132, 234115 !2010"
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1. Densest patches according to a global estimate

Interpretation:	nature	prefers	linearity
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2. Densest patches according to an intermediate estimate

Interpretation:	nature	prefers	horizontal	and	vertical	directions

3x3 High-contrast patches from images
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3. Densest patches according to a local estimate

Image	credit:	https://plus.maths.org/
content/imaging-maths-inside-klein-bottle

3x3 High-contrast patches from images

Interpretation:	nature	prefers	linear	and	quadratic	patches	at	all	
angles
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